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AlIstract-·Asymptotic crack tip fields, for dynamic crack propagation in an elastic-plastic material,
have been calculated. The material is characterized by J 2 flow theory with linear-strain hardening.
The possibility of plastic reloading on the crack flank is taken into account. Numerical results for
the strength of the crack tip singularity, the angular positions of elastic unloading and possible
plastic reloading regions, and the angular variation of the stress and velocity fields, are presented
as functions of the crack tip speed and the ratio between tangent modulus and elastic modulus.
Calculations have been performed for crack tip speeds below a certain limit velocity which depends
on the tangent modulus and the loading conditions. The different loading modes which have been
studied are modes I and II (plane strain and plane stress) and mode III (antiplane strain).

1. INTRODUCTION

During the last years there has been a great interest in asymptotic solutions, for crack
propagation problems. Knowledge of the stress and deformation fields near a propagating
crack tip is of importance for the understanding of fracture mechanisms. Especially asymp­
totic solutions for dynamic problems, i.e. when inertia effects are of importance in the
analysis, are still not completely developed.

Asymptotic solutions for dynamic crack propagation in elastic-perfectly plastic solids
have been investigated by Slepyan (1976), and Achenbach and Dunayevsky (1981) who
considered both the antiplane strain and the in-plane strain problem, The mode I solution
of Achenbach and Dunayevsky was further extended by Leighton et at. (1987). Lam and
Freund (1985) studied the same problem by a convective finite element method. Their
results were consistent with the solution givenby Achenbach and Dunayevsky for low crack
tip speeds. A mode II solution for elastic-perfectly plastic solids was presented by Lo
(1982).

Dynamic crack propagation in linear strain-hardening materials was examined by
Achenbach and Kanninen (1978) (referred to as AK in the sequel), who studied mode III
crack growth, and Achenbach et al. (1981) (referred to as AKP in the sequel), who
considered the plane stress and plane strain (mode I) problems. However, in these two
papers the possibility of plastic reloading on the crack flanks was neglected. In this paper
the problems considered by AK and AKP will be reanalysed by including the possibility of
reverse plastic flow on the crack flanks. For completeness, although of minor technical
interest, results for mode II plane stress and plane strain crack growth will also be presented.

The present procedure is based on the work of AKP but modified with conditions for
plastic reloading. It is assumed that in front of the crack tip there exists a region of plastic
loading. At a certain angle 01> defining the location of a straight boundary line, elastic
unloading will occur. Another angle O2, where O2 > OJ, defines the location for possible
plastic reloading (Fig. 1). For some loading conditions, a second unloading is possible at
an angle 03 and a second plastic reloading may occur at an angle denoted by 04,

The stress and velocity fields in the plastic loading regions are determined by numerical
integration in the 8-direction of a system of non-linear differential equations. In the elastic
unloading region, the solution is given in a general form specified by using continuity
conditions at the boundary lines between plastic loading regions and elastic unloading
regions. It was only possible to obtain results for values of the crack tip velocity less than
a certain limit speed. At this limit speed, which depends on the loading conditions and the
slope of the effective stress-strain curve at large strains. the governing equations in the
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X,
Fig. I. Coordinate system and definition of unloading and reloading angles.

plastic loading zone become singular at a certain angle. This is due to a change in character
of the equations from elliptic to hyperbolic as discussed by Achenbach et al. (1979).

To check the accuracy of the results, comparisons were made with the results of AK
and AKP. Additional confidence was also attained by comparing calculations for low crack
tip speeds to Ponte Castaneda's ()\JX7) results ror Ljuasi-static crack growth.

2. PLANE STRAIN (MODE I)

2.1. Plastic loading
The asymptotic fields will be studied in a Cartesian coordinate system the origin 0 of

which is attached to the moving crack tip, and oriented so that the xraxis coincides with
the crack front and the xI-axis is in the direction of crack advance (Fig. 1). The non-zero
stresses are 0"1 b 0"22, 0"l2 (= 0"21) and 0"33' The relevant displacement components are
UI(XbX2, t) and U2(XbX2, t), where t is time.

The equations of motion are

0"yb,b = PUy (1)

where p is the density and () the second-order material time derivative. In the following,
Greek subscripts have the values 1,2 whereas Latin subscripts have the values 1,2,3. The

e:
Fig. 2. Stress-strain relations for simple tension and pure shear.
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constitutive equations in the plastic loading zone, taking into account strain hardening
characterized by J 2 flow theory and a bilinear effective stress-strain curve (Fig. 2(a», are

(2)

where Ei; is the strain-rate tensor, cii; the stress-rate tensor, bij the Kronecker b-symbol, sij
the stress deviator and v is Poisson's ratio

(3)

where E is Young's modulus and E1 the tangential stiffness of the bilinear stress-strain
relation for stresses in excess of 0'0 (Fig. 2(a».

The effective stress, O'e, is defined as

(4)

Introducing polar coordinates. rand 8 (Fig. n. asymptotic solutions of the general form

(5)

are sought, where K is an undetermined amplitude factor, v the crack tip velocity and Uy(O)
and s are to be determined. In an asymptotic analysis only the most singular terms need to
be retained. This means that in the material time derivative 0, %t is negligible compared
to -VO/OXl and

(6)

Two relations which will be used frequently in the sequel are

a 0 sin 0 a
-=cosO----­
aXl ar r ao

and

a . 0 cos 0 a
--= sm 0-+---.
OX2 ar r ao

(7)

By definition the following expressions for the stresses and the stress rates are introduced:

{O'ib O'e, sij} = KE{I:.ij (0) , I:.e(O), Si;(O)}r

{cii;, cie, su} = KEv{t;;(O), te(O), Su(O)}r- l
.

Equations (6) and (7) give

and similar expressions for t eand Silo Here ( Y denotes d( )/dO. Also

(8)

(9)

(to)

(11)

(12)

By introducing the displacement rate, eqn (5), the stresses and stress rates, eqns (8) and
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(9), into the equations of motion (1) and the constitutive equations (2), it is possible by
using eqns (6), (7), (10) and (11) to formulate a non-linear system of differential equations

where

D(Sij)y' +Ry = 0 (13)

(14)

In the derivation of eqn (13) it is convenient to introduce a dimensionless crack tip velocity
P= vic, where c = .j(Elp). The details and the elements of matrices D and R are given in
AKP. The last equation in eqn (13) is obtained by using the plane strain condition, 833 = O.

2.2. Elastic unloading
The solution for the elastic unloading zone follows from AKP. For plane strain the

displacement rate must satisfy

(15)

where A. and Jl are Lame's elastic constants. By introducing displacement-rate potentials
<jJ(xJ, X2, t) and t{J(XIo X2, t) through

o' 0,/:. cP 'I'
Ul = -;- +-;-;

VXl vX2
(16)

uland U2 will satisfy eqn (15) if <jJ and ~ are solutions of the wave equations

. 1 ,. 2 (A.+2Jl)
CP,yy = C2 cp, CL =

L P
(17)

ci =!!-.
P

(18)

Here, CL and CT denote the longitudinal and transverse elastic wave speeds, respectively.
In the following it is convenient to introduce PT = vlCT and PL = vICL. It is possible to
show that solutions to eqns (17) and (18), can be written as

where

<jJ = KVd>(PL' (})rP

~ = KV'P(PT, (})rP

(19)

(20)

and

d>(PL,(}) = (1-Pi sin2 (})P12[A sin {p(s-n)}+B cos {p(s-n)}] (21)

'P(PT,lJ) = (I-Pi sin2 e)p/2[C sin {p(w-n)} +D cos {p(w-n)}] (22)

tan s = (1- Pi) 1/2 tan ()

tan w = (1- Pi) 1/2 tan e

(23)

(24)

with 0 ~ (w, s) ~ n if 0 ~ () ~ n. Defining the displacement rate in the elastic unloading
region as
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where superscript el denotes the elastic solution, and comparing with eqn (5) an obvious
condition is

s=p-l.

Using eqns (16), (6) and (7) one obtains

0 1 = p4> cos 0- (c!>/) sin e+p'¥ sin 0+ (W') cos 0

O2 = pc!> sin 0+ (c!>/) cos o-p'¥ cos O+(,¥/) sin O.

(26)

(27)

(28)

Introduction of strain rates calculated from eqn (16) into the rate form of Hooke's law
gives expressions for tiij as functions of the displacement rate potentials. From these
equations the stresses follow as

(29)

(30)

(31)

(32)

by using eqn (6) and an integration over XI'

2.3. Boundary and continuity conditions
To complete the formulation of the problem, the governing equations in the plastic

loading zone and the general form of the solution in the elastic unloading zone must be
supplemented by boundary conditions at 0 = 0 and n, and continuity conditions at the
boundaries between the different regions. Mode I symmetry ahead of the crack tip requires

(33)

On the crack surface (J 22 and (J 12 vanish, which means that

(34)

To determine the position of the boundary between the plastic loading region and the elastic
unloading region an unloading condition is needed. At the unloading angle 01> tie O. This
gives by virtue of eqn (l0)

(35)

When the angle 0 I has been determined, four conditions at the boundary are needed to
determine the four unknown constants A, E, C, D in the elastic solution. Because of residual
plastic strains from the integration of eqn (13) the functions II> 12, 13, and 14 in eqns (29)­
(32) will in general be nonzero. However, it is possible to show, see Appendix A, that/2(x2)
and 13(X 2) vanish. This gives two conditions for the determination of A, E, C, D. The other
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two conditions which are needed are continuity in displacement rates, as described in
Appendix A.

When the constants in the elastic solutions have been determined it is possible to
calculate values of L 11 and L33 in the elastic unloading region from eqns (29) and (32). As
mentioned above the values of the functions 11 and 14 will in general not vanish. The values
of11 and 14 at fJ = fJ 1 are denoted by AO"II and AO"~3' the first terms on the right-hand side
of eqns (29) and (32) by 0"1

1
1 and 0"~3 and the stresses by 0"11 and 0"33' Observing that all

stress fields are proportional to r' and that 11 and 14 are functions of X2 only, the actual
values of 0" II and 0"33 at fJ ~ fJ I in the elastic unloading region are

I [sin fJ J'0"1 I = 0"11 + AO"rl I -'-fJ-
sm 1

(36)

(37)

Since this analysis includes the possibility of plastic reloading, it is necessary to have a
condition for reloading. This condition also follows from the radial variation of the field
variables and can be written as

Le(fJ I) Le(fJ 2)

(sin fJ 1)' - (sin fJ 2)' = 0 (38)

where fJ 2 is the angle at which plastic reloading occurs. The continuity condition at the
plastic reloading boundary is that all elements in yare continuous. The derivatives y'(fJ2)

then follow immediately from eqn (13). Under some loading conditions there is a possibility
for more than one unloading and/or one reloading. A second unloading angle will be
denoted by fJ 3 and a second reloading angle by fJ 4• The conditions at these angles are of
course the same as described above.

2.4. Numerical integration
In order to obtain solutions for the stress and velocity fields it is necessary to numeri­

cally integrate eqn (13). This is done by the same predictor~orrectoralgorithm as described
by AKP. Since the matrix D in eqn (13) is singular at fJ = 0 the first step in the integration
is done by a linear approximation of y(fJ)

y(AfJ) ~ y(O) +y'(O)AfJ (39)

where AfJ is the step length of the increment in the fJ-direction. The values of y and y' at
fJ = 0 must then be known. These can be obtained by introducing Taylor expansions about
fJ = 0 for D, Rand y in eqn (13), using eqn (33), and equating coefficients of fJo and fJI to
zero. Before the start of the integration it is convenient to normalize the fJ-variation by
defining Le(O) = I and to introduce

(40)

Expressions for y(O) and y'(O) are given in Appendix B. To determine the values of sand
q it is necessary to iterate numerically. The procedure is started by guessing values of sand
q. The solution y(fJ) is then obtained by integration of eqn (13) and also using the elastic
solution for the unloading regions as described in the previous sections. At fJ = n the values
of L22 and L12 are checked to see whether they vanish. The iteration for sand q is
performed by a modified Powell hybrid method, included in the subroutine C05NBF of the
NAG subroutine library. Close to fJ = n the values of ILld and ILd will tend to infinity.
This is caused either by the fact that D in eqn (13) is singular at fJ = n, or by the singularity
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Table 1. Plane strain (mode I) v = 0.3 (results from an analysis neglecting plastic
reloading are given in parentheses)

~P
s

0.001 0.10 0.15 0.20 0.25

0.01 -0.080
( -0.090)

0.02
-0.100

( -0.103)

0.05
-0.144 -0.106

( -0.141) (-0.104)

0.10
-0.200 -0.181 -0.146

(-0.199) (-0.180) ( -0.146)
0.20 -0.303 -0.292 -0.276 -0.245 -0.161

~P
(II

0.001 0.10 0.15 0.20 0.25

0.01
135.37

(156.80)

0.02
134.16

(149.25)

0.05 131.10 121.69
(137.16) (125.39)

0.10
123.94 118.97 110.11

(125.10) (119.84) (110.43)
0.20 114.21 112.71 1l0.77 107.78 103.45

:; (12
0.001 0.10 0.15 0.20 0.25

0.01 145.61
0.02 150.94
0.05 161.16 167.81
0.10 173.79 175.46 178.00
0.20

at () = n of the second term on the right-hand side ofeqns (36) and (37). However,:E22 and
:E 12 are well behaved near () = n so the iteration for sand q described above meets no
difficulties.

2.5. Results
The values of the singularity s, and of the respective unloading and reloading angles

()I and (J2 are given, as functions of the hardening parameter ct. and the dimensionless crack
tip velocity {3, in Table 1. For comparison, the values calculated without plastic reloading
on the crack flanks are given in parentheses. Observe that no plastic reloading occurs for
values of the strain hardening parameter ct., larger than ct.*, where ct.* is somewhere between
0.1 and 0.2. From an engineering point of view the most interesting results are those for
small strain hardening. Most structural materials in which rapid crack propagation appears,
do not exhibit large strain hardening. The results for· higher values of ct. than 0.2 are not
presented here but are in agreement with those reported by AKP.

A plot of the stress and velocity fields for IX = 0.05, {3 = 0.1, is shown in Fig. 3. The
stresses and the velocities are normalized so that :Ee((JI) = 1.

3. PLANE STRAIN (MODE II)

3.1. Formulation
The formulation of the plane strain mode II problem is identical to the corresponding

mode I problem except for the boundary conditions ahead of the crack tip. Mode II
symmetry ahead of the crack tip requires
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Table 2. Plane strain (mode II) v = 0.3

~P
s

0.001 0.10 0.15 0.20 0.25

0.01 -0.083 -0.079
0.02 -0.114 -0.111 -0.108
0.05 -0.172 -0.170 -0.168 -0.164
0.10 -0.230 -0.229 -0.228 -0.226 -0.223
0.20 -0.303 -0.302 -0.302 -0.301 -0.298

)Y 8,
0.001 0.10 0.15 0.20 0.25

0.01 26.07 26.53
0.02 28.27 28.58 29.03
0.05 31.61 31.85 32.17 32.66
0.10 34.37 34.59 34.88 35.30 35.89
0.20 37.15 37.35 37.61 38.00 38.48

)Y 82,83

0.001 0.10 0.15 0.20 0.25

0.01 179.97 179.97
0.02 179.99 179.99 179.99
0.05
0.10

0.20 127.44
133.59

(41)

Before integrating eqn (13) numerically, the B-variation is normalized by Le(O) = 1 and

is introduced.

3.0

~__-r-20.0

(42)

i
l&l 1.0
a:
Iii

15.0

10.0
l/)
l&l

E

9
l&l

5.0>

",>C::::::-+- 0.0

-5.0

-1.0--+-....,.....,.....,.--,---,---,---,---,--,--.--.--,--,----,---,--,----.---1
o 30 60 90 120 150 180

f}

Fig. 3. Stress and velocity fields for plane strain (mode I), normalized such that ~e(81) = 1 :
~ = 0.05, P= 0.1.
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Table 3. Plane stress (mode I) v = 0.3

S'P s
0.001 0.10 0.15 0.20 0.25

0.01 -0.086
0.02 -0.1l9
0.05 -0.178 -0.170 -0.157
0.10 -0.237 -0.232 -0.225 -0.211
0.20 -0.310 -0.306 -0.302 -0.292 -0.282

S'P (J,

0.001 0.10 0.15 0.20 0.25

0.01 61.10
0.02 64.45
0.05 69.54 70.88 73.08
0.10 73.65 74.75 76.25 78.74
0.20 77.51 78.49 79.77 8l.71 84.49

The values ofy'(O) are obtained in the same way as for the mode I problem. The plane
strain mode II boundary conditions are given in Appendix B. Given the values ofy(O) and
y'(O) the procedure described in Section 2.4 is used to iterate values of sand q.

3.2. Results
The results for the plane strain mode II formulation are given in Table 2. For this

problem a second unloading appears for IX = 0.2, P= 0.25. The results of Ponte Castaneda
(1987) show that for quasi-static conditions there will be a region of plastic reloading
around () = 1300 for higher values of IX. Evidently this region also appears for smaller IX

when the crack tip velocity increases.
Another interesting fact is that the values of the singularity parameter s and the

unloading angle ()l are rather insensitive to the crack tip velocity given by p.
Stress and velocity fields for IX = 0.05, P= 0.1, are shown in Fig. 4. The results are

normalized in the usual way by setting :E«()l) = 1.

3.0 3.0

III
W

E
1.0 ~

w
>

2.0

-::::=--=:::::=:=,.0

1:

U2
1:22

1:

1:11

30 60 90 120
()

2.0

o.o-¥'---_

fll
~ 1.0

Iii

Fig. 4. Stress and velocity fields for plane strain (mode II), normalized such that 1:.«(JI) = I:
a. = 0.05, P= 0.1.
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Table 4. Plane stress (mode II) v = 0.3

~
s

0.001 0.10 0.15 0.20 0.25

0.01 -0.080 -0.073
0.02 -0.1 10 -0.106 -0.098
0.05 -0.166 -0.163 -0.159 -0.151
0.10 -0.219 -0.216 -0.212 -0.206
0.20 -0.286 -0.283 -0.280 -0.275 -0.267

~
9,,92

0.001 0.10 0.15 0.20 0.25

0.01
31.92 32.92

179.91 179.91

0.02
34.38 34.92 35.89

179.96 179.95 179.95

0.05
38.01 38.28 38.62 39.10

114.87 113.03 111.95 112.04

0.10
40.27 40.43 40.60 40.79

106.56 106.42 106.52 107.23

0.20
42.44 42.58 42.73 42.94 43.19

102.63 102.63 102.74 103.13 104.04

~
93,94

0.001 0.10 0.15 0.20 0.25

0.01
0.02

0.05
120.34 120.71 121.20 122.04
179.99 179.99 179.99 179.99

0.10 123.50 123.79 124.19 124.90
0.20 126.57 126.79 127.08 127.53 128.26

4. PLANE STRESS (MODE I)

4.1. Formulation
The plane stress mode I formulation is obtained by some slight changes of the for­

mulation for the plane strain problem. The non-zero stresses are O'!l, (122, and 0'12 (= (121)'

This means that in eqn (13) the last column in D and R and the last rows in D, R, y and y'
are deleted. The boundary conditions at e= 0 are also identical to the plane strain problem
with the exception that L33(O) = L'n(O) = 0 and the consequences that follow from that.

The plane stress solution for the elastic unloading region can be obtained from the
plane strain solution by replacing Aby 2Jlv/(l-v).

The iteration for values of sand q is equivalent to the procedure described in Section
2.4. When the solution is obtained it is renormalized in the usual ways such that Le(O 1) = 1.

4.2. Results
The results for the plane stress mode I problem presented in Table 3 do not include

any plastic reloading. For very small values of IX Ponte Castaneda (1987) has obtained, in
his quasi-static analysis, extremely small plastic reloading regions, but these have not been
found in this work, This is probably an effect of using too large an increment 6.0, in the
integration of the governing equations. In Fig. 5, a plot of the stress and velocity fields for
IX = 0.05, P= 0.1, is shown, The normalization of the stresses and the velocities is identical
to that used in the previous sections.

5. PLANE STRESS (MODE II)

5.1. Formulation
The changes in the plane strain mode II formulation, to obtain the plane stress

formulation, are identical to those changes described in the previous section for the mode
I problem.
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5.0

4.0

3.0

2.0

III
1.0

E
~....
>

0.0

-1.0

-2.0

-3.0

150 180

\
12090

o
6030

-1.0+-,-,-,-.,........,..---.--.........-.........-r-r-.---.---r-"r-"1ri!­
o

0.0-1----_

3.0

!fii 1.0i-_..,I-_-.....;;:>o"'-_

Iii

2.0

Fig. 5. Stress and velocity fields for plane stress (mode I), normalized such that 1:.(01) "" I:
IX = 0.05, P= 0.1.

5.2. Results
The plane stress mode II results presented in Table 4 include three different com­

binations of unloading and reloading angles. For low values of 0( an elastic unloading takes
place at an angle just above (J = 30°. Between this first unloading and a very narrow plastic
reloading sector on the crack flank, the stress and velocity fields are governed by the elastic
solution. For values of a > a*, where a* is between 0.05 and 0.10, no plastic reloading
could be observed on the crack flank. Instead a sector of plastic reloading occurred just
above (J = 100°. In an intermediate zone around (l. ~ 0.05, both the effects described above
were observed. Stress and velocity fields for a = 0.05, f3 = 0.1, are shown in Fig. 6. The
normalization is identical to that described in previous paragraphs.

6. ANTIPLANE STRAIN (MODE III)

6.1. Plastic loading region
The mode III formulation for the plastic loading zone follows from AK. The stress

and velocity fields are resolved into the same Cartesian coordinate system as was used in
the previous sections (Fig. I). The relevant displacement is U3(X I, X2' t) and the non-zero
stresses are 0'13 (= 0'31) and 0'23 (= 0'32)' For simplicity the following notation for the
stresses and the strains is introduced:

(43)

(44)

The governing system of differential equations is derived from the equation of motion

(45)

and the constitutive equations, which for plastic loading and J2 flow theory are

SAS 24: ll-E
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3.0

2.0

i
1&1 1.0

~

0.0.+---_

ffl
E

1.0 ~

1&1
>

_-=-_===rr0.o

-1.0+-.--.---,-..,.-..,.-.,-.,-,.--,.--.-.-,--,--,.....-,,.....,,.....,--+-1.0

° 30 60 90 120 150 180
(J

Fig. 6. Stress and velocity fields for plane stress (mode II), normalized such that I:,(II,) = I:
IX = 0.05, f3 = 0.1.

(46)

where IX = JlIIJl, Jl is the shear modulus and JlI the tangential stiffness of the bilinear stress­
strain relation for stresses in excess of't'o (Fig. 2(b)). The effective stress 't'e is defined as

(47)

For the mode III problem a general solution of the form

(48)

is sought. The parameters K and v are defined in previous sections whereas U3(lJ) and s are
to be determined. Expressions for the stresses and stress rates are defined as

{'t'J' 't'e} = KJl{1:J(O), 1:e (lJ)},-'

{iJ, i e } = KJlv{tJ(O), te(O)},-'-I.

From eqns (6) and (7) it then follows that

and a similar expression results for te. Equation (47) also gives

(49)

(50)

(51)

(52)

By using the same procedure as in Section 2.1, it is now possible to derive a system of non­
linear differential equations from the equation of motion and the two constitutive relations
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D(Eo5)y' +Ry = 0 (53)

where

(54)

The elements of matrices D and R are given in Appendix B.

6.2. Elastic unloading
The mode III solution for the elastic unloading region follows from a slight gener­

alization of Achenbach and Bazant (1975). It is possible to derive a solution of the form

(55)

where 13 = vICT, CT = (pJp) IJ2 and U~(f3, (}) may be written as

U~(f3,(}) = (1-13 2 sin2 (})PJ2[A sin {pew n)}+Bcos {p(w-n)}]. (56)

In eqn (55), A and B are two constants which are determined by continuity conditions at
the boundary between plastic loading and elastic unloading. The angle w is related to (}
through

tan co = (1- 132) ]J2 tan (}

with 0 ~ co ~ n if 0 ~ (} ~ n.
If the displacement rate in the elastic region is defined as

then O~«(}) follows from eqns (55), (56), (6) and (7) as

O~«(}) = - [p cos (}U~ - sin (}(U~IYl.

An obvious condition is obtained if eqn (48) is compared with eqn (58)

s=p-l.

The elastic shear stresses 1:'05 can be calculated as

(57)

(58)

(59)

(60)

(61)

Inserting eqn (55) into eqn (61) and comparing with eqn (49) gives the following expressions
for E~l and E1 :

(62)

(63)

6.3. Boundary and continuity conditions
Mode III symmetry ahead of the crack tip requires that

(64)

Since U23 = 0 on the crack surface, it follows that
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Table 5. Antiplane strain (mode III) (results from an analysis neglecting plastic
reloading are given in parentheses)

>Y s
0.001 0.10 0.15 0.20 0.25

0.01 -0.073 -0.067
( -0.074) (-0.067)

0.02 -0.101 -0.097 -0.091
( -0.101) (-0.097) (-0.091)

0.05 -0.153 -0.151 -0.147 -0.141
0.10 -0.207 -0.205 -0.203 -0.199 -0.194
0.20 -0.277 -0.276 -0.274 -0.272 -0.268

>Y OJ
0.001 0.10 0.15 0.20 0.25

0.01 52.88 54.16
(52.88) (54.16)

0.02
57.21 57.87 58.97

(57.21) (57.87) (58.97)
0.05 63.98 64.41 64.96 65.79
0.10 69.82 70.18 70.64 71.28 72.11
0.20 76.08 76.41 76.82 77.39 78.11

>Y O2

0.001 0.10 0.15 0.20 0.25

0.01 179.95 179.95
0.02 179.98 179.98 179.98
0.05
0.10
0.20

(65)

To determine the position where elastic unloading occurs, eqn (35) is applicable. To specify
the elastic solution, two continuity conditions for the determination of A and B are needed.
By a procedure similar to the one described in Appendix A, it is possible to show that these
two conditions are continuity in displacement rate and that:E 2 obtained from the numerical
integration of eqn (53) and from the elastic solution (63) are identical. The values of the
remaining stress :E I calculated from the numerical integration and from eqn (62) respec­
tively, will in general, not be the same. In order to obtain the actual stress :E I in the unloading
region, including the residual stress, the same procedure as in eqns (36) and (37) has to be
applied.

The condition for plastic reloading and the continuity conditions at the boundary
where reloading takes place are identical with those described at the end of Section 2.3.

6.4. Numerical integration
To numerically integrate eqn (53) the same algorithm as was described in Section 2.4

is used. The singularity of matrix D at e= 0 requires both yeO) and y'(0). They are obtained
by a Taylor expansion of eqn (53) around e= O. The result is presented in Appendix B. A
simplifying fact for the mode III problem is that there is only one undetermined parameter,
s, which is determined by numerical iteration. Although the value of:E I is singular at e= n,
the iteration meets no difficulties since :E 2 is well behaved near e= n.

6.5. Results
The results for the antiplane strain mode III problem presented in Table 5 are rather

insensitive to plastic reloading. For values of ct < ct*, where ct* is between 0.02 and 0.05,
narrow sectors of plastic reloading were observed on the crack flank. However, the size of
the sector was in no case larger than 0.1 0 for the results presented in this paper. These small
zones did not affect the singularity nor the stress and velocity fields to any large extent. An
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Fig. 7. Stress and velocity fields for antiplane strain (mode III), normalized such that :£.(0,) = I:
rx: = 0.05, P= 0.1.

example of the stress and velocity fields for lX = 0.05, /3 = 0.1, is presented in Fig. 7. The
fields are normalized in the usual way.

7. DISCUSSION

All of the results presented in this paper were calculated for v = 0.3. This enables
comparisons to be made between the different loading conditions. A first observation is
that the value of the singularity s is more sensitive to lX than to the type of loading. The
singularity is also rather independent of /3 for modes II and III. For mode I, on the other
hand, the strength of the singularity decreases with increasing crack tip velocity. This effect
is more pronounced close to the limit speed, especially for the plane strain formulation.
Although the singularity is rather insensitive to /3 for mode II, the other unknown parameter,
q, shows a larger variation when /3 is changed.

Another observation is that the values of lX and /3, for which calculations can be
performed with the present formulation, are almost identical for modes II and III, but
mode I has a lower limit speed for a given value of IX. This indicates that the limit speed for
mode II, as is for mode III is ruled by the quasi-shear wave speed, in which E is replaced
by Et , but not the quasi-Rayleigh wave speed as in the mode I formulation.

A conclusion which can be drawn from this work is that plastic reloading does not play
an important role concerning the asymptotic crack tip fields for linear strain hardening
materials with large hardening. An exception is the mode II formulation where plastic
reloading must be included in order to obtain accurate results. For low values of the
hardening parameter lX, plastic reloading on the crack flank must be taken into account,
especially for the mode I plane strain formulation.

Further research in this area should include investigations of crack tip speeds above
the limit speed. So far only results obtained by the finite element method are available.
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APPENDIX A

Stresses in the elastic unloading region
The stresses which follow from the formulation in the elastic unloading region are given in eqns (29)-(32).

In a simplified notation they can be written as

(AI)

where A, B, C, D are the constants in eqns (21) and (22) and hijare the functions!b!2,!3 and!4' The acceleration
iii can be expressed in the constants A, B, C, D by using eqn (16)

.. 2 02Ui
Ui = V -;z = ki(A, B, C, D).

uX,

By introducing eqns (A1) and (A2) into the equations of motion

one obtains

From the general solution it is known that the terms gij.j exactly balance pki, thus

hix,.x, = 0

and

hix, = o.

(A2)

(A3)

(A4)

(A5)

(A6)

A comparison of eqns (AI), (A6) and (29)-(32) then gives that the functions!2 and!3 in eqns (30) and (31)
vanish.

Continuity in displacement rate at unloading
If discontinuities in the stresses and the displacement rates exist across the boundary 0 = 0" then they must

satisfy the following equation:

(A7)

The displacements will always be continuous. Through the steady state assumption, the displacement rates can
be expressed by spatial derivatives of the displacements. The only possibilities for discontinuities in displacement
derivatives are [ovr/oOl and [ov%O). Thus

. ([ovr] [ovo])[uil = }; 00' cO

where}; is a linear function of its arguments.
Continuity in plastic strains across 0 = Op implies that

where Hooke's law has been summarized in the constants Cijk1•

(A8)

(A9)
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The discontinuities in strains can be expressed as linear functions of [ov,/oO] and [ove/oO]. The two equations
(A7) and the four non-trivial equations (A9) will then constitute a homogeneous linear equation system for the
six unknowns: [u,,], [uoo], [Uril]' lUzzI, [ov,/oO], [ove/oO]. For the crack tip velocities considered in this report, the
only possible solution is that all unknowns are equal to zero. Thus, the displacement rates and the stresses are
continuous across 0 = 0 I'

APPENDIX B

The boundary conditions at 0 = 0 for the plane strain (mode I) problem are

yT(O) = L-1[a,0,q, 1,0,g] (Bl)

y'T(O) = L-1[0,b,0,0,c,0] (B2)

where

[l-a ] q (B3)a=(g+l) -+v --
2a a

[l-a ] sb=s(g+q) -+v -- (B4)
2a a

c = -s(p2a+q) (B5)

[l-a ]g=a(q+l) ~+v (B6)

L = (1 +q2 +g2 _q_qg_g2). (B7)

The plane stress (mode I) boundary conditions are obtained from eqns (Bl)-(B7) by setting g = 0 and deleting
the last row ofy(O) and y'(O).

The plane strain (mode II) boundary conditions at 0 = 0 are

yT(O) = L-1[0,q,0,0, 1,0] (B8)

y'T(O) = L-'[b,O,d,a,O,c] (B9)

where

a = -S(l+qp2) (BlO)

[ 3(1-a)]b = -s q+2(1+v)+ -a- (Bll)

m
c= (1 /)2 2[b(1-s)+a(m-(1-s/a))] (B12)

-sa -m

a-s
d= -a-c-- (B13)

am

C-a )m= -v+s ~+v (B14)

L=~3. (B15)

The elements of matrices D and R for the antiplane strain (mode III) problem are

D ll = p2 sin 0

D 12 = D 21 = sin 0

D l3 = D 31 = -cos 0

. [ I-a Lr]
D 22 = sm 0 1+ -a- L;

I-a LIL2 .
D 23 = D 32 = -a-~ sm 0,

. [ l-aL~]D 33 =smO 1+-- 2a L,

(BI6)
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R
'1

= -sfJ2 COS ()

R 12 = R 21 = -s cos ()

R 13 = R 31 = -s sin ()

s cos ()
R 22 = R 33 = -~~

IX

R 23 = R 32 = o.

(BI7)

The boundary conditions at () = 0 for the mode III problem are

yT(O) = [0,0, I]

y'T(O) = [_~, s(s-I) ,oJ.
IX IX-S

(BI8)

(BI9)


